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The ordering of the treeswith a perfectmatching according tomini-
mal energies is investigated.Usinganewmethodproposedhere,we
obtain the preceding trees in the increasing order of their energies
within theclassunderconsideration forn 3,where2n is thevertex
number of the tree. We deduce the ﬁrst 11, 12, 13, 14, 12, 9, 16, and
21 trees for n 21, 15 n 20, n = 14, 10 n 13, n = 9, n = 8,
n = 7, and n = 6, respectively. For n = 5, 4, 3, we list all the trees
in the increasing order of their energies.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
As is well known, the experimental heats due to the formation of conjugated hydrocarbons are
closely connected to the totalπ-electron energy. The total energy E(T) of allπ-electrons in conjugated
hydrocarbons can be reduced to
E(T) =
n∑
i=1
|λi|, (1)
where T is a tree with n vertices and λ1, . . . , λn are the n roots of the characteristic polynomialΦ(T , x)
of T with respect to x. Φ(T , x) can be given by [1]
∗ Corresponding author.
E-mail address: whwang@shu.edu.cn (W.-H. Wang).
0024-3795/$ - see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2009.03.053
W.-H. Wang, L.-Y. Kang / Linear Algebra and its Applications 431 (2009) 946–961 947
Φ(T , x) = det[xI − A(T)], (2)
where I is the unit matrix of order n and A(T) is the adjacent matrix of T . E(T) can also be expressed
as the Coulson integral formula [6, p. 141]
E(T) = 2
π
∫ +∞
0
1
x2
ln
⎡
⎣1 + [n/2]∑
k=1
m(T , k)x2k
⎤
⎦ dx, (3)
wherem(T , k) is thenumberofk-matchings inT . The fact thatE(T) is a strictlymonotonously increasing
function ofm(T , k) provides us a useful way to compare the energies of the trees under consideration.
For two trees T1 and T2, Gutman and Zhang [3,8] introduced a quasi-ordering relation as follows:
m(T1, k)m(T2, k) ⇐⇒ T1  T2. (4)
Furthermore, ifm(T1, k) < m(T2, k) for an arbitrary k, we have T1 < T2. If neither T1 < T2 nor T1 > T2,
we say that T1 and T2 are incomparable. According to (3), we have E(T1) E(T2) and E(T1) < E(T2)
from T1  T2 and T1 < T2, respectively. For the sake of conciseness, we introduce the symbols “⇀”,
“” and “⇒” as follows:
E(T1) < E(T2) ⇐⇒ T1 ⇀ T2, E(T1) = E(T2) ⇐⇒ T1 T2,
E(T1) E(T2) ⇐⇒ T1⇒ T2.
Based on the above method of quasi-ordering, a number of results have been reached for the
ordering of extremal energies of graphs, for example, acyclic [2,3,8,11–13,16,18], unicyclic [5,9,10,17],
bicyclic [15] and tricyclic [14] graphs.
We denote by T2n the set of trees with a perfect matching having 2n vertices. The subset of T2n in
which the maximal vertex degree is less than 4 is denoted by H2n. By use of a systematic computer-
aided search, Gutman [4] conjectured the ﬁrst minimal energies both in T2n and in H2n and checked
his conjectures for all the trees under 16 vertices. Using the quasi-ordering relation, Zhang and Li [18]
mathematically proved the two conjectures and extended Gutman’s study by determining the trees
with the second minimal energy both in T2n and in H2n. Zhang and Li [18] also found two trees M2n
and L2n whose energies are greater than the second one and concluded that either M2n or L2n is the
third one in T2n (the full definitions for M2n and L2n will be given in Section 2.). The quasi-ordering
relation, however, fails to compare the energies of M2n and L2n. Recently, Guo [2] proved that M2n is
the treewith the thirdminimal energy in T2n for n 7. Furthermore, Guo [2] obtained, in T2n, the trees
with the fourth and ﬁfth minimal energies for n 43 and the tree with the fourth minimal energy for
7 n 42. For the trees in H2n, the quasi-ordering relation is effective to derive the increasing order
with respect to their minimal energies [11,16]. Li [11] characterized roughly n trees in the increasing
order while Wang [16] extended Li’s result by deducing the ﬁrst 2n − 10 − [(1 + (−1)n]/2 trees for
n 13 and a lot of preceding trees for 5 n 12 in H2n.
In this paper, we employ a straightforward method to derive series of trees in the increasing order
of their energies within T2n for n 3. The ﬁrst ﬁve and four trees are consistent with those obtained
by Guo [2] for n 43 and 7 n 42, respectively. The method developed here is simpler than those of
Zhang and Li [18] and Guo [2], which makes it easy to ﬁnd new trees with minimal energy. Thus we
extend Guo’s results for n 7 and derive new trees for 3 n 6.
2. Preliminaries
Let T ∈ T2n. It is evident thatm(T , 1) = 2n − 1. It is consistent to deﬁnem(T , 0) = 1 andm(T , k) =
0 for k > n. Next we assume 0 k n. Let Q(T) = L(T) − M(T), where L(T) is the edge set of T and
M(T) the perfect matching of T . It is clear that |M(T)| = n and |Q(T)| = n − 1, where |M(T)| and
|Q(T)| are the numbers of edges inM(T) and Q(T), respectively. Let T̂ be the graph induced by Q(T),
namely T̂ = T − M(T) − S0, where S0 is the set of singletons in T − M(T). Therefore, we have [16,18]
m(T , k) =
k∑
i=0
m(T̂ , i) ·
(
n − j
k − i
)
= p +
k∑
i=2
m(T̂ , i) ·
(
n − j
k − i
)
, (5)
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where
p =
(
n
k
)
+ (n − 1) ·
(
n − 2
k − 1
)
and j is the number of edges inM(T) which are adjacent to the i-matching of T̂ .
Next we assume 2 i k. We denote by m2i−c(T̂ , i) the number of i-matchings in T̂ for j = 2i − c
with 0 c  i − 1. If j = 2i, then there are not two edges in i-matching of T̂ which are adjacent to a
common edge inM(T). So we introduce a tree T˜ which plays a key role in this paper. Let T˜ be the tree
obtained from T̂ by coalescing the two vertices in T which are incident with a common edge inM(T).
Obviously, T˜ is a tree with n vertex and the edges of T˜ are those of T̂ . It is noted that T˜ = T̂ as T̂ is a
tree. Thus, we can write
m2i(T̂ , i) = m(T˜ , i). (6)
Then we have
m(T̂ , i) =
i−1∑
c=1
m2i−c(T̂ , i) + m(T˜ , i). (7)
Substitution of (7) into (5) yields
m(T , k) − p =
k∑
i=2
⎡
⎣m(T˜ , i) · (n − 2i
k − i
)
+
i−1∑
c=1
m2i−c(T̂ , i) ·
(
n − 2i + c
k − i
)⎤⎦ (8)
=
k∑
i=2
⎧⎨
⎩m(T̂ , i) ·
(
n − 2i
k − i
)
+
i−1∑
c=1
m2i−c(T̂ , i)
·
[(
n − 2i + c
k − i
)
−
(
n − 2i
k − i
)]⎫⎬
⎭. (9)
From (8) and (9), we have Lemma 1(i) and (ii), respectively. From Lemma 1(i), we have Lemma 2.
Lemmas 1 and 2 proposed here provide us a straightforward method to compare the energies of the
trees in T2n.
Lemma 1. Let T1, T2 ∈ T2n.
(i) If T˜1  T˜2 and m2i−c( T̂1, i)m2i−c( T̂2, i), then T1⇒ T2.
(ii) If m( T̂1, i)m( T̂2, i) and m2i−c( T̂1, i)m2i−c( T̂2, i), then T1⇒ T2.
T1 T2 if and only if (iff) the equalities in the two conditions hold simultaneously.
Let c( T̂ ) be the component number of T̂ hereinafter.
Lemma 2. Let T1, T2 ∈ T2n. If c( T̂1) = 1, c( T̂2) 2 and T̂1  T˜2, then T1 ⇀ T2.
Proof. Since c( T̂1)=1, any i-matching of T̂1 is adjacent to 2i edges ofM(T1). Thuswehavem2i−c( T̂1, i)= 0m2i−c( T̂2, i). Since c( T̂2) 2, there exists at least one 2-matching in T̂2 adjacent to an edge of
M(T2). Therefore, we have m3( T̂1, 2) = 0 < 1m3( T̂2, 2). As T˜1  T˜2, Lemma 2 follows from Lemma
1(i). 
To obtain the ﬁnal results of this paper, Lemmas 3 and 4 are simply quoted here from Refs. [7,12]
and [1], respectively. Let Pn be a path with n vertices. The vertices of Pn are labelled consecutively
by v1, v2, . . . , vn. We introduce some graphs in the set of trees with n vertices and adopt the same
notations as those in Refs. [7,12].
For n 4, Xn is the star Sn, in which one vertex has degree n − 1 and all other vertices are pendant.
For n 5, Yn is the tree obtained by attaching a pendant edge to a pendant vertex of Sn−1.
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For n 6, Zn is the tree obtained by attaching two pendant edges to a pendant vertex of Sn−2.
For n 6,Wn is the tree obtained by attaching P3 to a pendant vertex of Sn−2.
For n 8, Dn is the tree obtained by connecting the central vertices of Sn−4 and S4.
For n 7, Un is the tree obtained by connecting the central vertex of Sn−4 and a pendant vertex
of S4.
For n 6, On is the tree obtained by coalescing the central vertex of Sn−4 with the third vertex of P5.
For n 10, Q (1)n is the tree obtained by connecting the central vertices of Sn−5 and S5.
Gutman [3] determined Xn < Yn < Zn < Wn < G for n 6, where G /= Xn, Yn, Zn,Wn and G is a
tree with n vertices. Recently, Li and Li [12] extended Gutman’s result [3] and Gutman et al. [7] further
sharpened Li and Li’s conclusion, as given in Lemma 3.
Lemma 3 [7,12]. As G /= Xn, Yn, Zn,Wn,On,Dn,Un, we have
Xn < Yn < Zn < Wn Dn < Un < G (n 12, n = 8, 9), (10)
Xn < Yn < Zn < Wn < Dn < Q
(1)
n Un < G (n = 10, 11), (11)
Xn < Yn < Zn < Wn < Un < G (n = 7), (12)
Xn < Yn < Zn < Wn < On < Pn (n = 6), (13)
Xn < Yn < Pn (n = 5), (14)
Wn < On (n 6). (15)
The equality in (11) holds iff n = 11 since Q (1)11 and U11 are cospectral. The equality in (10) holds iff n = 8
since W8 and D8 are cospectral.
Lemma 4 [1]. Let e = uv be an edge of a tree T . Then the characteristic polynomial Φ(T , x) satisﬁes
Φ(T , x) = Φ(T − e, x) − Φ(T − u − v, x).
3. Main results
For thesakeof conciseness,weassumethat thecalculation in this section for comparing theenergies
of two trees is directly performed on the basis of (1). For c( T̂ ) 4, Zhang and Li [18] presented the
following lemma.
Lemma 5 [18]. Let T1 ∈ T2n. If c(T̂1) 4, then there exists T2 ∈ T2n with c(T̂2) = 3 in such a way that
T1 ⇀ T2.
By Lemma 5, the trees under consideration can be classiﬁed into three cases: c( T̂ ) = 1, c( T̂ ) = 2
and c( T̂ ) 3.
As c( T̂ ) = 1, we introduce nine trees in T2n. Let F2n, B2n, L2n, K2n, D∗2n, U∗2n, O∗2n, Q (1)∗2n , and P∗2n be,
respectively, the trees obtained from Sn, Yn, Zn, Wn, Dn, Un, On, Q
(1)
n , and Pn by attaching a pendant
edge to every vertex. For example, F12, B12, L12, K12, D
∗
18, U
∗
18, and O
∗
18 are shown in Fig. 1. For n = 7,
we introduce four trees, T
(1)
14 , T
(2)
14 , T
(3)
14 , and T
(4)
14 , as shown in Fig. 2.
For the ordering of trees in T2n with c( T̂ ) = 1 in terms of their minimal energies, Zhang and Li [18]
obtained F2n ⇀ B2n ⇀ L2n ⇀ T for n 4. By Lemmas 1(i) and 3, we extend Zhang and Li’s result [18]
in Theorem 1. In this section, we assume that T appearing in the last terms of all the inequalities does
not contain the preceding terms.
Theorem 1. Let T ∈ T2n with n 4. If c( T̂ ) = 1, for T /= O∗2n, we have
F2n ⇀ B2n ⇀ L2n ⇀ K2n ⇀ D
∗
2n ⇀ U
∗
2n ⇀ T (n 12, n = 8, 9), (16)
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Fig. 1. (a) F12; (b) B12; (c) L12; (d) K12; (e) D
∗
18; (f) U
∗
18; (g) O
∗
18.
Fig. 2. (a) T
(1)
14 ; (b) T
(2)
14 ; (c) T
(3)
14 ; (d) T
(4)
14 .
F2n ⇀ B2n ⇀ L2n ⇀ K2n ⇀ D
∗
2n ⇀ Q
(1)∗
2n ⇀ U
∗
2n ⇀ T (n = 10, 11), (17)
F2n ⇀ B2n ⇀ L2n ⇀ K2n ⇀ O
∗
2n ⇀ U
∗
2n
⇀ T
(1)
2n ⇀ T
(2)
2n ⇀ T
(3)
2n ⇀ T
(4)
2n ⇀ P
∗
2n (n = 7), (18)
F2n ⇀ B2n ⇀ L2n ⇀ K2n ⇀ O
∗
2n ⇀ P
∗
2n (n = 6), (19)
F2n ⇀ B2n ⇀ P
∗
2n (n = 5), (20)
K2n ⇀ O
∗
2n (n 6). (21)
In addition, Q
(1)∗
22 U∗22 and K16D∗16 hold.
Proof. Since Q
(1)∗
22 and U
∗
22 are cospectral and K16 and D
∗
16 are cospectral, Q
(1)∗
22 U∗22 and K16D∗16
hold. The calculation yields the ﬁfth to the last inequalities in (18). Next we prove the remainder in
(16)–(21).
As c( T̂ ) = 1, any i-matching of T̂ is adjacent to 2i edges of M(T). Thus we have m2i−c(T̂ , i) =
0 for i 2. It follows from Lemma 1(ii) that E(T) is a strictly monotonously increasing function of
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m(T̂ , i). Since F̂2n = Sn, B̂2n = Yn, L̂2n = Zn, K̂2n = Wn, D̂∗2n = Dn, Û∗2n = Un, Q̂ (1)∗2n = Q (1)n , Ô∗2n = On,
and P̂∗2n = Pn, the inequalities in (16)–(21) follow from (10)–(15), respectively. 
As c( T̂ ) 2, we introduce 10 trees as follows.
For n 4,M2n is the tree obtained from P7 by attaching n − 4 paths of length 2 and P2 to v3.
For n 3, Q2n is the tree obtained from P6 by attaching n − 3 paths of length 2 to v3.
For n 5, H2n is the tree obtained from P8 by attaching n − 5 paths of length 2 and P2 to v3 and
attaching P2 to v6.
For n 5, N2n is the tree obtained from P7 by attaching n − 5 paths of length 2 and P2 to v3 and
attaching P3 to v5.
For n 5, R2n is the tree obtained from P9 by attaching n − 5 paths of length 2 and P2 to v5.
For n 4, A2n is the tree obtained from P7 by attaching n − 4 paths of length 2 to v3 and attaching
P2 to v5.
For n 6, V2n is the tree obtained from P6 by attaching n − 6 paths of length 2 and P2 and P5 to v3
and attaching P2 to v4.
For n 5, I2n is tree obtained from P8 by attaching n − 5 paths of length 2 and P2 to v3 and attaching
P2 to v4.
For n 5, C2n is the tree obtained from P7 by attaching n − 5 paths of length 2 and P2 to v3 and
attaching P3 to v4.
For n 6, J2n is the tree obtained from P8 by attaching n − 6 paths of length 2 and P2 to v3 and
attaching P3 and P2 to v6.
For example,M12, Q12, H12, N12, R14, A14, V14, I14, C14, and J14 are shown in Fig. 3.
To obtain the ﬁnal results of this paper, we introduce Lemmas 6–14.
Lemma 6. N2n ⇀ O
∗
2n for n 25 while O
∗
2n ⇀ N2n for 6 n 24.
Proof. Straightforward calculation by Lemma 4 yields
Φ(N2n, x) = (−1 + x2)−4+n[1 − (5 + n)x2 + (−2 + 4n)x4 − (3 + n)x6 + x8]
 (−1 + x2)−4+nf1(x),
Φ(O∗2n, x) = (−1 + x2)−6+n(1 − 3x2 + x4)[1 − (2 + n)x2 + 3(−1 + n)x4 − (2 + n)x6 + x8]
 (−1 + x2)−6+n(1 − 3x2 + x4)f2(x).
The exact solutions for the roots of f1(x) = 0 and f2(x) = 0 with respect to x can be obtained. So the
exact expressions for the energies of N2n and O
∗
2n can readily be given. However, the exact represen-
tations are too complex to compare their quantities for an arbitrary n. As it is, approximate roots of
f1(x) = 0 and f2(x) = 0 can be used instead.
Obviously, we have
f1
(√
1/2n
)
= 1 − 6n − 10n
2 − 24n3 + 8n4
16n4
> 0 (n 4),
f1
(√
1/n
)
= −−1 + 3n + 3n
2 + n3
n4
< 0 (n 1),
f1
(√
0.2759
)
= −0.588952 + 0.00758151n > 0 (n 78),
f1
(√
3.7321
)
= −7.46102 − 0.000635987n < 0 (n 1),
f1
(√
n − 1
)
= 8 − 8n + n2 > 0 (n 7).
According to the theorem of zero points, we have, for n 78,
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Fig. 3. (a)M12; (b) Q12; (c) H12; (d) N12; (e) R14; (f) A14; (g) V14; (h) I14; (i) C14; (j) J14.
E(N2n) < 2n − 8 + 2
(√
1/n + √0.2759 + √3.7321 + √n − 1
)
. (22)
The sum of the absolute roots of 1 − 3x2 + x4 = 0 is hereinafter denoted by 2a0. Obviously, we
have
a0 =
√
(3 − √5)/2 +
√
(3 + √5)/2,
f2
(√
1/n
)
= 1 − 2n − 4n
2 + n3
n4
> 0 (n 5),
f2
(√
0.3819
)
= −0.29147 − 0.0000563723n < 0 (n 1),
f2
(√
2.57
)
= −14.2792 + 0.270107n > 0 (n 53),
f2
(√
n − 1
)
= 3 − n − n2 < 0 (n 2),
f2
(√
n
)
= 1 − 2n − 4n2 + n3 > 0 (n 5).
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According to the theorem of zero points, we have, for n 53,
2n − 12 + 2a0 + 2
(√
1/n + √0.3819 + √2.57 + √n − 1
)
< E(O∗2n). (23)
It follows from
√
0.2759 + √3.7321 < −2 + a0 +
√
0.3819 + √2.57 that the right-hand side (RHS)
of (22) is less than the left-hand side (LHS) of (23). Therefore, N2n ⇀ O
∗
2n for n 78. The calculation
yields N2n ⇀ O
∗
2n for 25 n 77 while O
∗
2n ⇀ N2n for 6 n 24. 
Themethod forprovingLemmas7–9 is similar to that for Lemma6.Wesimplyprovide thenecessary
equations and inequalities in the proofs.
Lemma 7. R2n ⇀ D
∗
2n for n 15 while D
∗
2n ⇀ R2n for 8 n 14.
Proof. Straightforward calculation by Lemma 4 yields
Φ(R2n, x) = (−1 + x2)−6+n(1 − 3x2 + x4)[1 − (4 + n)x2 + (−1 + 3n)x4 − (2 + n)x6 + x8]
 (−1 + x2)−6+n(1 − 3x2 + x4)f3(x),
Φ(D∗2n, x) = (−1 + x2)−4+n[1 − (3 + n)x2 + (−11 + 5n)x4 − (3 + n)x6 + x8]
 (−1 + x2)−4+nf4(x).
Since
f3
(√
1/2n
)
= 1 − 4n − 6n
2 − 20n3 + 8n4
16n4
> 0 (n 3), (24)
f3
(√
1/n
)
= −−1 + 2n + 2n
2 + n3
n4
< 0 (n 1), (25)
f3
(√
0.43
)
= −1.02973 + 0.045193n > 0 (n 23), (26)
f3
(√
2.619
)
= −5.21536 − 0.00565966n < 0 (n 1), (27)
f3
(√
n − 1
)
= 7 − 7n + n2 > 0 (n 6), (28)
we have, for n 23,
E(R2n) < 2n − 12 + 2a0 + 2
(√
1/n + √0.43 + √2.619 + √n − 1
)
. (29)
Since
f4
(√
1/n
)
= 1 − 3n − 12n
2 + 2n3
n4
> 0 (n 7),
f4
(√
0.2
)
= −0.0624 − 0.008n < 0 (n 1),
f4
(√
4.6
)
= −89.8224 + 3.864n > 0 (n 24),
f4
(√
n − 2
)
= 3 + 3n − 2n2 < 0 (n 3),
f4
(√
n
)
= 1 − 3n − 12n2 + 2n3 > 0 (n 7),
we have, for n 24,
2n − 8 + 2
(√
1/n + √0.2 + √4.6 + √n − 2
)
< E(D∗2n). (30)
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It follows from−2 + a0 +
√
0.43 + √2.619 + √n − 1 < √0.2 + √4.6 + √n − 2with n 39 that
the RHS of (29) is less than the LHS of (30). Therefore R2n ⇀ D
∗
2n for n 39. The calculation yields
R2n ⇀ D
∗
2n for 15 n 38 while D
∗
2n ⇀ R2n for 8 n 14. 
Lemma 8. R2n ⇀ A2n for n 8 while A2n ⇀ R2n for 5 n 7.
Proof. Straightforward calculation by Lemma 4 yields
Φ(A2n, x) =
(
−1 + x2
)−4+n [
1 − 2nx2 + (−2 + 4n)x4 − (3 + n)x6 + x8
]

(
−1 + x2
)−4+n
f5(x).
Since
f5
(√
1/2n
)
= 1 − 6n − 10n
2 + 16n3
16n4
> 0 (n 1),
f5
(√
0.585
)
= −0.167937 − 0.00130163n < 0 (n 1),
f5
(√
3.3
)
= −9.9989 + 1.023n > 0 (n 10),
f5
(√
n − 1
)
= 3 − 2n < 0 (n 2),
f5
(√
n
)
= 1 − 4n2 + n3 > 0 (n 4),
we have, for n 10,
2n − 8 + 2
(√
1/2n + √0.585 + √3.3 + √n − 1
)
< E(A2n). (31)
It follows from −2 + a0 + √1/n +
√
0.43 + √2.619 < √1/2n + √0.585 + √3.3 that the RHS of
(29) is less than the LHS of (31) as n 23. Therefore R2n ⇀ A2n for n 23. The calculation yields
R2n ⇀ A2n for 8 n 22 while A2n ⇀ R2n for 5 n 7. 
Lemma 9. R2n ⇀ I2n for n 21 while I2n ⇀ R2n for 5 n 20.
Proof. We have
f3
(√
0.387
)
= −0.791259 + 0.0043464n > 0 (n 183). (32)
It follows from (24), (27), (32), (26), and (28) that, for n 183,
E(R2n) < 2n − 12 + 2a0 + 2(
√
1/n + √0.387 + √2.619 + √n − 1). (33)
Straightforward calculation by Lemma 4 yields
Φ(I2n, x) =
(
−1 + x2
)−5+n [−1 + (5 + n)x2 +(2 − 6n)x4 + (1 + 5n)x6 − (4 + n)x8+ x10]

(
−1 + x2
)−5+n
f6(x).
Since
f6
(√
1/n
)
= 1 − 4n + 7n
3 − n4
n5
< 0 (n 7),
f6
(√
0.198
)
= 0.0703269 + 0.0000510064n > 0 (n 1),
f6
(√
1.55
)
= 1.13746 − 0.0176313n < 0 (n 65),
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f6
(√
3.2
)
= −15.6381 + 0.7424n > 0 (n 22),
f6
(√
n − 1
)
= −10 + 12n − 3n2 < 0 (n 3),
f6
(√
n
)
= −1 + 5n + 3n2 − 5n3 + n4 > 0 (n 4),
we have, for n 65,
2n − 10 + 2
(√
1/n + √0.198 + √1.55 + √3.2 + √n − 1
)
< E(I2n). (34)
It follows from−1 + a0 +
√
0.387 + √2.619 < √0.198 + √1.55 + √3.2 that theRHSof (33) is less
than the LHS of (34). Therefore R2n ⇀ I2n for n 183. The calculation yields R2n ⇀ I2n for 21 n 182
while I2n ⇀ R2n for 5 n 20. 
Lemma 10. O∗2n ⇀ V2n for n 6.
Proof. Since c(Ô∗2n) = 1, c(V̂2n) = 2 and O˜∗2n = V˜2n = On, Lemma 10 follows from Lemma 2. 
LetM1(T) = M(T) − M0(T), whereM0(T) is the set of the pendant edges in T andM0(T) ⊂ M(T).
For c( T̂ ) = 2, there is only one edge inM1(T). We denote the edge by e(T). If there exist two edges in
the i-matching of T̂ which are adjacent to e(T), then j = 2i − 1. Otherwise, j = 2i.
Lemma 11. H2n ⇀ N2n ⇀ V2n ⇀ R2n for n 9.
Proof. Since Ĥ2n = N̂2n = Sn−2 ∪ P3, we have m(Ĥ2n, 2) = m(N̂2n, 2) = 2n − 6 and m(Ĥ2n, i) =
m(N̂2n, i) = 0 for i 3. There are one and two 2-matchings in Ĥ2n and N̂2n which are adjacent to
e(H2n) and e(N2n), respectively. Namely, we havem3(Ĥ2n, 2) = 1 < 2 = m3(N̂2n, 2). By Lemma 1(ii),
we have H2n ⇀ N2n for n 5.
By Lemmas 6 and 10, we have N2n ⇀ V2n for n 25. For 9 n 24, the calculation yields N2n ⇀
V2n.
As n 6, we have V˜2n = R˜2n = On. In V̂2n, there are one 2-matchingwhich is adjacent to e(V2n) and
one 3-matching of which two edges are adjacent to e(V2n). Since c(̂R2n) = 3, M1(R2n) has only two
edges. In R̂2n, there are two 2-matchings adjacent to an edge in M1(R2n) and two 3-matchings which
have two edges adjacent to an edge inM1(R2n). Therefore, we havem3(V̂2n, 2) = 1 < 2 = m3(̂R2n, 2)
and m5(V̂2n, 3) = 1 < 2 = m5(̂R2n, 3). For i = 3 and c = 2 or i 4, obviously, m2i−c(V̂2n, i) =
m2i−c (̂R2n, i) = 0. By Lemma 1(i), we have V2n ⇀ R2n for n 6. 
Let S∗2n be the tree obtained from P7 by attaching n − 4 paths of length 2 to v4 and attaching P2 to
v3 for n 4.
Lemma 12. V2n ⇀ I2n ⇀ C2n ⇀ S
∗
2n for n 6.
Proof. Since V̂2n = Î2n = Ĉ2n = Ŝ∗2n = Yn−1 ∪ P2, we have m(V̂2n, i) = m(̂I2n, i) = m(Ĉ2n, i) =
m(̂S∗2n, i) for i 2. In V̂2n, Î2n, Ĉ2n, and Ŝ∗2n, there are one, one, two, and n − 3 2-matchings adjacent to
e(V2n), e(I2n), e(C2n), and e(S
∗
2n), respectively. Namely, we have m3(V̂2n, 2) = m3(̂I2n, 2) = 1 < 2 =
m3(Ĉ2n, 2) < m3(̂S
∗
2n, 2) = n − 3 for n 6. In V̂2n, Î2n, Ĉ2n, and Ŝ∗2n, there are one, n − 4, n − 4, and
n − 4 3-matchings which have two edges adjacent to e(V2n), e(I2n), e(C2n), and e(S∗2n), respectively.
Namely,wehavem5(V̂2n, 3) = 1 < n − 4 = m5(̂I2n, 3) = m5(Ĉ2n, 3) = m5(̂S∗2n, 3) forn 6. For i = 3
and c = 2 or i 4, obviously, m2i−c(V̂2n, i) = m2i−c (̂I2n, i) = m2i−c(Ĉ2n, i) = m2i−c (̂S∗2n, i) = 0. By
Lemma 1(ii), we have Lemma 12. 
Lemma 13. Let T ∈ T2n. If c( T̂ ) 2 and m(T̂ , 2) 3n − 12, then
(i) J2n⇒ T for n 7, with equality iff T = J2n.
(ii) R2n ⇀ T for n 10.
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Proof. (i) Since Ĵ2n = Sn−3 ∪ S4, it follows fromtheconditionsof Lemma13that3n − 12 = m(̂J2n, 2)
m(T̂ , 2) and m(̂J2n, i) = 0m(T̂ , i) for i 3. There are one 2-matching in Ĵ2n adjacent to e(J2n) and at
least one 2-matching in T̂ adjacent to e(T) since c( T̂ ) 2. Namely, we havem3(̂J2n, 2) = 1m3(T̂ , 2).
The equal signs in all the inequalities in this case hold iff T = J2n. By Lemma 1(ii), we have J2n⇒ T for
n 7, with equality iff T = J2n.
(ii) By (10) and (11) in Lemma 3, we have D˜∗2n = Dn < Un = J˜2n for n 10. Since c(D̂∗2n) = 1 and
c(̂J2n) = 2, D∗2n ⇀ J2n for n 10 follows from Lemma 2. Furthermore, by Lemma 7, R2n ⇀ J2n holds
for n 15. For 10 n 14, the calculation yields R2n ⇀ J2n.
Thus, By Lemma 13(i), we have Lemma 13(ii). 
By Lemmas 5, 1(ii) and 13(ii), we can derive the trees with minimal energy for c( T̂ ) 3, as given
in Lemma 14.
Lemma 14. Let T ∈ T2n. As c( T̂ ) 3, we have R2n ⇀ T for n 5, where T /= R2n.
Proof. According to Lemma 5, we study the trees in T2n with c( T̂ ) = 3 ﬁrstly. Let T̂ = Tα ∪ Tβ ∪ Tγ ,|Tα| = a, |Tβ | = b, and |Tγ | = c, where a, b and c are positive integers. Obviously, a + b + c = n − 1.
Without loss of generality, we suppose a b c. Next, we consider three cases according to the values
of a, b and c.
Case (i): a = 1 and b + c = n − 2.
As n 5, we have
m(T̂ , 2) 1 · (n − 2) + b · (n − 2 − b) 2n − 5 = m(̂R2n, 2),
m(T̂ , 3) 1 · b · (n − 2 − b) n − 3 = m(̂R2n, 3),
and m(T̂ , i) 0 = m(̂R2n, i) for i 4. Since c( T̂ ) = 3, M1(T) has only two edges. In T̂ , there are at
least two 2-matchings adjacent to an edge in M1(T) and at least two 3-matchings which have two
edges adjacent to an edge in M1(T). By the proof for Lemma 11, we have m3(̂R2n, 2) = 2m3(T̂ , 2)
and m5(̂R2n, 3) = 2m5(T̂ , 3) for n 5. For i = 3 and c = 2 or i 4, obviously, m2i−c (̂R2n, i) = 0
m2i−c(T̂ , i). The equal signs in all the inequalities in this case hold iff T = R2n. By Lemma 1(ii), we have
R2n⇒ T for n 5, with equality iff T = R2n.
Case (ii): a = 2 and b + c = n − 3.
We have n 7 since a b c. Then
m(T̂ , 2) 2 · (n − 3) + b · (n − 3 − b) > 2n − 5 = m(̂R2n, 2),
m(T̂ , 3) 2 · b · (n − 3 − b) 4n − 20 > n − 3 = m(̂R2n, 3),
and m(T̂ , i) 0 = m(̂R2n, i) for i 4. By the method similar to that for case (i), we have R2n ⇀ T for
n 7.
Case (iii): a 3 and b + c = n − 1 − a.
We have n 10 since a b c. Then
m(T̂ , 2) = a · (n − 1 − a) + b · (n − 1 − a − b) 3n − 12. (35)
By Lemma 13(ii), we have R2n ⇀ T for n 10.
Combination of the proofs for cases (i)–(iii) yields R2n⇒ T for c( T̂ ) = 3 and n 5, with equality
iff T = R2n. As c( T̂ ) 4, Lemma 14 holds from Lemma 5. 
For the ordering of trees in T2n with c( T̂ ) 2, Guo [2] extended Zhang and Li’s results [18] by
determining thatM2n, Q2n andH2n are the ﬁrst three smallest-energy trees for n 17 andM2n andH2n
the ﬁrst two smallest-energy trees for 5 n 16. For the sake of conciseness, the symbols (
) and
(♦) denote, respectively
M2n ⇀ Q2n ⇀ H2n (n 17), (36)
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M2n ⇀ H2n (5 n 16). (37)
From Lemma 1 and the theorem of zero points, the proofs for (36) and (37) can readily be given and
are omitted here. On the basis of the above-mentioned lemmas, we further extend Guo’s result [2] in
Theorem 2, which gives the preceding trees in the increasing ordering by their energies within T2n
with c( T̂ ) 2 for n 7.
Theorem 2. Let T ∈ T2n. As c( T̂ ) 2, we have
(
) ⇀ N2n ⇀ V2n ⇀ R2n ⇀ T (n 21), (38)
(
) ⇀ N2n ⇀ V2n ⇀ I2n ⇀ R2n ⇀ T (17 n 20), (39)
(♦) ⇀ Q2n ⇀ N2n ⇀ V2n ⇀ I2n ⇀ R2n ⇀ T (14 n 16), (40)
(♦) ⇀ Q2n ⇀ N2n ⇀ V2n ⇀ I2n ⇀ C2n ⇀ R2n ⇀ T (10 n 13), (41)
(♦) ⇀ Q2n ⇀ N2n ⇀ V2n ⇀ I2n ⇀ C2n ⇀ J2n ⇀ T (n = 9), (42)
(♦) ⇀ Q2n ⇀ V2n ⇀ N2n ⇀ I2n ⇀ J2n ⇀ T (n = 8), (43)
(♦) ⇀ V2n ⇀ Q2n ⇀ N2n ⇀ J2n ⇀ T (n = 7). (44)
Proof. By Lemma 11, we have H2n ⇀ N2n ⇀ V2n ⇀ R2n in (38). By Lemmas 11 and 12, we have
H2n ⇀ N2n ⇀ V2n ⇀ I2n in (39) and N2n ⇀ V2n ⇀ I2n in (40)–(42). The calculation yields H2n ⇀
Q2n ⇀ N2n in (40)–(42), H2n ⇀ Q2n ⇀ V2n ⇀ N2n ⇀ I2n in (43) and H2n ⇀ V2n ⇀ Q2n ⇀ N2n ⇀
J2n in (44).
As c( T̂ ) 3 and n 10, R2n ⇀ T in (38)–(41) holds from Lemma 14. For 7 n 9, the calculation
yields J2n ⇀ R2n. Therefore, byLemma14,wehave J2n ⇀ T in (42)–(44) for c( T̂ ) 3.Next,weconsider
the remaining inequalities with c( T̂ ) = 2 and assume T /= M2n,H2n,Q2n,N2n, V2n.
As c( T̂ ) = 2, we suppose T̂ = Tξ ∪ Tη , |Tξ | = d and |Tη| = f where 1 d f . Obviously, d + f =
n − 1. We study three cases according to the values of d.
Case (i): d 3.
We have
m(T̂ , 2) d · (n − 1 − d) 3n − 12. (45)
By Lemma 13, we have R2n ⇀ T for n 10 and J2n⇒ T for 7 n 9.
Case (ii): d = 2, namely Tξ = P3.
Subcase (ii.i): Tη = Sn−2.
SinceT /= H2n,N2n,wehaveT = A2n orT = G2n,whereG2n is the treeobtained fromP6 byattaching
n − 4 paths of length 2 to v3 and attaching P3 to v4 for n 4.
As T = A2n, by Lemma 8, we have R2n ⇀ A2n for n 10. For 7 n 9, the calculation yields J2n ⇀
A2n.
As T = G2n, we will prove R2n ⇀ G2n for n 10 and J2n ⇀ G2n for 7 n 9. Since Â2n = Ĝ2n =
Sn−2 ∪ P3,wehavem(̂A2n, 2) = m(Ĝ2n, 2) = 2n − 6 andm(̂A2n, i) = m(Ĝ2n, i) = 0 for i 3. There are
n − 3 and 2n − 6 2-matchings in Â2n and Ĝ2n adjacent to e(A2n) and e(G2n), respectively. Namely, we
havem3(̂A2n, 2) = n − 3 < 2n − 6 = m3(Ĝ2n, 2) with n 5. By Lemma 1(ii), we have A2n ⇀ G2n for
n 5. Therefore, by Lemma 8, we have R2n ⇀ G2n for n 10. As 7 n 9, we have J2n ⇀ G2n from
J2n ⇀ A2n.
Subcase (ii.ii): Tη /= Sn−2.
Since Tη /= Sn−2,we can choose an edge e of Tη satisfying Tη − e = Tμ ∪ Tν , |Tμ| = g and |Tν | = h,
where Tμ and Tν are two components of Tη − e and 1 g  h.
In this subcase, g + h = n − 4. We have
m(T̂ , 2) 2 · (n − 3) + g · (n − 4 − g) 3n − 11. (46)
By Lemma 13, we have R2n ⇀ T for n 10 and J2n ⇀ T for 7 n 9.
Case (iii): d = 1, namely Tξ = P2.
In this case, g + h = n − 3. We denote the diameter of Tη by dia(Tη). Since T /= M2n,Q2n, we have
dia(Tη) 3. Therefore, Tη /= Sn−2.
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If there exists an edge in Tη satisfying g  2, then we have
m(T̂ , 2) 1 · (n − 2) + g · (n − 3 − g) 3n − 12. (47)
By Lemma 13, we have R2n ⇀ T for n 10 and J2n ⇀ T for 7 n 9.
If dia(Tη) 5, then Tη has an edge satisfying g  2. Next we consider two cases with g = 1 for any
edge of Tη , namely dia(Tη) = 4, 3.
If dia(Tη) = 4, then Tη is the tree obtained from P5 by attaching paths of length 1 or 2 to v3 and the
total number of the attaching edges is n − 6. We have
m(T̂ , 2) 1 · (n − 2) + (n − 4) + (n − 5) = 3n − 11. (48)
By Lemma 13, we have R2n ⇀ T for n 10 and J2n ⇀ T for 7 n 9.
If dia(Tη) = 3, then Tη = Yn−1. Since T /= V2n, we have T = I2n, C2n, S∗2n. Lemmas 9 and 12 yield
R2n ⇀ I2n ⇀ C2n ⇀ S
∗
2n for n 21. Lemma 9, the calculation and Lemma 12 yield I2n ⇀ R2n ⇀
C2n ⇀ S
∗
2n for 14 n 20. Lemma 12 and the calculation yield I2n ⇀ C2n ⇀ R2n ⇀ S
∗
2n for 10
n 13, I2n ⇀ C2n ⇀ J2n ⇀ S∗2n forn = 9, I2n ⇀ J2n ⇀ C2n ⇀ S∗2n forn = 8, and J2n ⇀ I2n ⇀ C2n ⇀
S∗2n for n = 7.
For c( T̂ ) = 2, combination of the proofs for cases (i)–(iii) yields R2n ⇀ T in (38), I2n ⇀ R2n ⇀ T
in (39) and (40), I2n ⇀ C2n ⇀ R2n ⇀ T in (41), I2n ⇀ C2n ⇀ J2n ⇀ T in (42), I2n ⇀ J2n ⇀ T in (43),
and J2n ⇀ T in (44). 
For the ordering of trees in T2n, Guo [2] extended Zhang and Li’s results [18] by determining that
F2n, B2n, M2n, Q2n, and L2n are the ﬁrst ﬁve smallest-energy trees for n 43 and F2n, B2n, M2n, and L2n
the ﬁrst four smallest-energy trees for 7 n 42. For the sake of conciseness, the symbols (∗) and ()
denote, respectively
F2n ⇀ B2n ⇀ M2n ⇀ Q2n ⇀ L2n (n 43), (49)
F2n ⇀ B2n ⇀ M2n ⇀ L2n (7 n 42). (50)
From Lemmas 1–2 and the theorem of zero points, the proofs for (49) and (50) can readily be given and
are omitted here. We further extend Guo’s result [2] in Theorems 3 and 4, which give the preceding
trees in the increasing order by the minimal energies within T2n for n 3.
Theorem 3. The preceding trees in the increasing order of their energies within T2n are as follows:
(∗) ⇀ K2n ⇀ H2n ⇀ N2n ⇀ O∗2n ⇀ V2n ⇀ R2n (n 43), (51)
() ⇀ Q2n ⇀ K2n ⇀ H2n ⇀ N2n ⇀ O∗2n ⇀ V2n ⇀ R2n (34 n 42), (52)
() ⇀ K2n ⇀ Q2n ⇀ H2n ⇀ N2n ⇀ O∗2n ⇀ V2n ⇀ R2n (25 n 33), (53)
() ⇀ K2n ⇀ Q2n ⇀ H2n ⇀ O∗2n ⇀ N2n ⇀ V2n ⇀ R2n (21 n 24), (54)
() ⇀ K2n ⇀ Q2n ⇀ H2n ⇀ O∗2n ⇀ N2n ⇀ V2n ⇀ I2n ⇀ R2n (18 n 20), (55)
() ⇀ K2n ⇀ O∗2n ⇀ Q2n ⇀ H2n ⇀ N2n ⇀ V2n ⇀ I2n ⇀ R2n (n = 17), (56)
() ⇀ K2n ⇀ O∗2n ⇀ H2n ⇀ Q2n ⇀ N2n ⇀ V2n
⇀ I2n ⇀ R2n (n = 15, 16), (57)
() ⇀ K2n ⇀ O∗2n ⇀ H2n ⇀ Q2n ⇀ N2n ⇀ V2n
⇀ I2n ⇀ D
∗
2n ⇀ R2n (n = 14), (58)
() ⇀ K2n ⇀ O∗2n ⇀ H2n ⇀ Q2n ⇀ N2n ⇀ V2n
⇀ I2n ⇀ D
∗
2n ⇀ C2n ⇀ R2n (n = 13), (59)
() ⇀ K2n ⇀ O∗2n ⇀ H2n ⇀ Q2n ⇀ N2n ⇀ V2n
⇀ D∗2n ⇀ I2n ⇀ C2n ⇀ R2n (n = 12), (60)
() ⇀ K2n ⇀ O∗2n ⇀ H2n ⇀ Q2n ⇀ N2n ⇀ D2n
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⇀ V2n ⇀ I2n ⇀ Q
(1)∗
2n U∗2n (n = 11), (61)
() ⇀ K2n ⇀ O∗2n ⇀ H2n ⇀ D∗2n ⇀ Q2n ⇀ N2n
⇀ Q
(1)∗
2n ⇀ V2n ⇀ I2n ⇀ U
∗
2n (n = 10), (62)
() ⇀ K2n ⇀ O∗2n ⇀ D∗2n ⇀ H2n ⇀ Q2n ⇀ N2n ⇀ V2n ⇀ U∗2n (n = 9), (63)
() ⇀ K2nD∗2n ⇀ O∗2n ⇀ H2n ⇀ U∗2n (n = 8), (64)
() ⇀ K2n ⇀ O∗2n ⇀ U∗2n ⇀ T
(1)
2n ⇀ H2n ⇀ T
(2)
2n ⇀ T
(3)
2n ⇀ V2n
⇀ T
(4)
2n ⇀ Q2n ⇀ N2n ⇀ J2n (n = 7). (65)
Proof. (I) The proof of (51)–(53).
Since c(K̂2n) = 1, c(Ĥ2n) = 2 and K˜2n = H˜2n = Wn, by Lemma 2, we have K2n ⇀ H2n for n 5.
The calculation yields Q2n ⇀ K2n for 34 n 42 while K2n ⇀ Q2n for 25 n 33. Lemmas 6 and 10
yieldN2n ⇀ O
∗
2n ⇀ V2n for n 25. Lemma 7 shows R2n ⇀ D
∗
2n for n 15. By comparing (16) and (38),
we have (51)–(53).
(II) The proof of (54) and (55).
The calculation yieldsK2n ⇀ Q2n andH2n ⇀ O
∗
2n for 18 n 24. Lemmas 6 and7 showO
∗
2n ⇀ N2n
for 6 n 24 and R2n ⇀ D∗2n for n 15, respectively. By comparing (16) with (38) and (39), we have
(54) and (55), respectively.
(III) The proof of (56)–(65).
From (21), we have K2n ⇀ O
∗
2n for 7 n 17. The calculation yields O
∗
2n ⇀ Q2n for n = 17 and
O∗2n ⇀ H2n for 10 n 16. Lemma 7 shows R2n ⇀ D∗2n for 15 n 17.
By comparing (16) with (39) and (40), we have (56) and (57), respectively.
The calculation yields I2n ⇀ D
∗
2n ⇀ R2n ⇀ U
∗
2n for n = 14. By comparing (16) with (40), we have
(58).
The calculation yields I2n ⇀ D
∗
2n ⇀ C2n for n = 13, V2n ⇀ D∗2n ⇀ I2n for n = 12 and R2n ⇀ U∗2n
for n = 13, 12. By comparing (16) with (41), we have (59) and (60).
The calculation yields N2n ⇀ D
∗
2n ⇀ V2n and I2n ⇀ Q
(1)∗
2n U∗2n ⇀ C2n for n = 11 and H2n ⇀
D∗2n ⇀ Q2n ⇀ N2n ⇀ Q
(1)∗
20 ⇀ V2n ⇀ I2n ⇀ U
∗
2n ⇀ C2n for n = 10. By comparing (17) with (41),
we have (61) and (62).
The calculation yields O∗2n ⇀ D∗2n ⇀ H2n and V2n ⇀ U∗2n ⇀ I2n for n = 9 and K2nD∗2n ⇀
O∗2n ⇀ H2n ⇀ U∗2n ⇀ Q2n for n = 8. By comparing (16) with (42) and (43), we have (63) and (64),
respectively.
The calculationyields T
(1)
2n ⇀ H2n ⇀ T
(2)
2n ⇀ T
(3)
2n ⇀ V2n ⇀ T
(4)
2n ⇀ Q2n and J2n ⇀ P
∗
2n forn = 7.
By comparing (18) with (44), we have (65). 
In Theorem 3, we study the cases with n 7. Next, we further consider the cases with 3 n 6.
We denote Γ [Pn(i); (j)Pm] the tree obtained from Pn and Pm by adding an edge between a vertex
ui of Pn and a vertex uj of Pm, and then attaching a pendant edge to each other vertices of Pn and Pm.
Let T
(1)
12 = Γ [P4(1); (1)P3], T(2)12 = Γ [P5(1); (1)P2], T(3)12 = Γ [P4(2); (1)P3], T(4)12 = Γ [P4(1); (2)P3],
T
(5)
12 = Γ [P5(3); (1)P2],T(6)12 = Γ [P5(2); (1)P2],T(7)12 = Γ [P4(2); (2)P3],T(1)10 = Γ [P4(1); (1)P2]and
T
(2)
10 = Γ [P4(2); (1)P2]. T(3)10 is the tree obtained from P9 by attaching P2 to v3. T(4)10 is the tree obtained
from P8 by attaching P3 to v4. T
(5)
10 is the tree obtained from P8 by attaching P3 to v3.
Theorem 4. The ordering of the ﬁrst 21 smallest-energy trees in T2n with n = 6 is
F2n ⇀ B2n ⇀ L2n ⇀ M2n ⇀ K2n ⇀ O
∗
2n ⇀ P
∗
2n ⇀ H2n ⇀ V2n ⇀ I2n ⇀ Q2n
⇀ N2n ⇀ T
(1)
2n ⇀ C2n ⇀ T
(2)
2n ⇀ A2n ⇀ T
(3)
2n ⇀ S
∗
2n ⇀ T
(4)
2n ⇀ R2n T
(5)
2n . (66)
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The ordering of all the trees in T2n with n = 5 is
F2n ⇀ B2n ⇀ P
∗
2n ⇀ M2n ⇀ H2n ⇀ T
(1)
2n ⇀ Q2n ⇀ N2n ⇀ T
(2)
2n ⇀ R2n
⇀ G2n ⇀ T
(3)
2n ⇀ T
(4)
2n ⇀ T
(5)
2n ⇀ P2n. (67)
The ordering of all the trees in T2n with n = 4 and n = 3 are, respectively,
F2n ⇀ P
∗
2n ⇀ M2n ⇀ Q2n ⇀ P2n (n = 4), (68)
F2n ⇀ P2n (n = 3). (69)
Proof. (I) Proof of (66) for n = 6.
By Lemma 14, we have R2n ⇀ T for c( T̂ ) 3. We have seventeen trees for c( T̂ ) = 2 and the cal-
culation yields
M2n ⇀ H2n ⇀ V2n ⇀ I2n ⇀ Q2n ⇀ N2n ⇀ T
(1)
2n ⇀ C2n ⇀ T
(2)
2n
⇀ A2n ⇀ T
(3)
2n ⇀ S
∗
2n ⇀ T
(4)
2n ⇀ T
(5)
2n ⇀ T
(6)
2n ⇀ T
(7)
2n ⇀ G2n (n = 6). (70)
The calculation yields L2n ⇀ M2n ⇀ K2n, P
∗
2n ⇀ H2n and T
(4)
2n ⇀ R2n T
(5)
2n with n = 6. By compar-
ing (19) with (70), we have (66).
(II) Proof of (67) for n = 5.
We have seven trees for c( T̂ ) = 2 and the calculation yields
M2n ⇀ H2n ⇀ T
(1)
2n ⇀ Q2n ⇀ N2n ⇀ T
(2)
2n ⇀ G2n (n = 5). (71)
We have four trees for c( T̂ ) = 3, namely R2n, T(3)2n , T(4)2n , and T(5)2n . For c( T̂ ) = 4, we have one tree,
namely P2n. The calculation yields
R2n ⇀ T
(3)
2n ⇀ T
(4)
2n ⇀ T
(5)
2n ⇀ P2n. (72)
The calculation yields P∗2n ⇀ M2n and T
(2)
2n ⇀ R2n ⇀ G2n ⇀ T
(3)
2n for n = 5. By comparing (20), (71)
and (72), we have (67).
(III) Proof of (68)–(69) for n = 4 and n = 3.
The calculation yields (68) and (69). 
4. Conclusions
Using the quasi-ordering relation and the theorem of zero points, we studied the ordering of the
trees with a perfect matching in terms of their minimal energies. Lemmas 1 and 2 suggested here
provided us a useful method to obtain Lammas 10–14 which pave the way for the ﬁnal results of this
paper.Weprovided the preceding trees in the increasing order of their energieswithin T2n. In Theorem
3, we deduced the ﬁrst 11, 12, 13, 14, 12, 9, and 16 trees for n 21, 15 n 20, n = 14, 10 n 13,
n = 9, n = 8, and n = 7, respectively. The numbers of the trees attained here exceed Guo’s result [2]
by 6, 7, 8, 9, 10, 8, 5, and 12 for n 43, 21 n 42, 15 n 20, n = 14, 10 n 13, n = 9, n = 8, and
n = 7, respectively. The ordering of the trees is given in Theorem4 for 3 n 6. As n = 6,we obtained
theﬁrst 21 trees in the increasing order of their energies. Asn = 5, 4, 3,wederived the increasing order
for all the trees according to their energies.
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